BULLET: Jurnal Multidisiplin llmu
Volume 01, No. 03, Juni-Juli 2022

ISSN 2829-2049 (media online)

Hal 539-552

Simulation of a two link planar anthropomorphic manipulator
Syed Muhammad Asif
Queen Mary University of London

sm.asif@hotmail.com

Abstract

Mathematical modelling of the dynamics of a two-link planar anthropomorphic manipulator has been established
to obtain the simulations on MATLAB/SIMULINK. After successful simulation, results were then used to
determine the factors that govern the performance of the manipulator. It also enabled to analyze the extent to which
a particular factor governed the performance or output of the robot. After the analysis, it was apparent that increase
in step size increased the accuracy of the results. Moreover, it was also observed that increasing mass of the tip
increased the torque input to the system.
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INTRODUCTION

Robotic manipulators have various applications from manufacturing to healthcare to domestic uses. Most of the
products that are used or encountered involves a robotic manipulator. Their ability to perform better in many cases
than humans have resulted in greater use and improved life standards [1]. Two-link manipulators resemble a human
hand and for this particular reason they are very useful in many real life applications. Studying a two-link
manipulator allows researchers to study and understand the complex movement of human hand [2].

Two-link manipulators are two degree of freedom robots. Kinetic and potential energies are defined and derived
which are then used to develop Euler-Lagrange equation. Torques applied to each link is then defined by Euler-
Lagrange equation [3].

AIM

The aim of this report is to investigate the factors governing the performance of a simple servo-controlled two link
robot manipulator and relate these to basic analytical techniques [4]. X2

Figure 1: Two-link planar anthropomorphic manipulator [1]
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BACKGROUND THEORY

MATHEMATICAL MODELLING
General equations of motion of a two link manipulator can be written as;
6.’1 = Wy

0, = w — w,

Iy 112] [‘Ul] . [‘U% - w%] [Fl] Tl]
S+ Ly.qg + ML, )L 7] + =
Ly Il e, (m2 2cg 2) 25in(62) w? 9 I, T,

Where; m;, L;, Licy and k;, are the mass, length, the position of the centre of gravity with reference to the i joint
and radius of gyration about the centre of gravity of the it link.

Ly =my(Lycg? + k%) + myLy® + MLy + cos8,Ly (MyLyey + MLy)
Ly = my(Laey® + k%) + ML, + cos0,Ly (M, L0y + ML)
Iy = cosO0,L;(MmyLyeg + ML)
I; = mz(L2cg2 + k22) + ML,?
Iy = cos0;(myLy .y + myLy + MLy) + cos(8; + 0;)(maLye, + ML,)
T, = cos(0; + 0,)(myLycy + ML)
Because of the fact that the links used are same, following assumptions are made;

1) M=pu
2) m;y=m,=1

1
3) Llcg = LZCg = E
4) k2=kZ==

12
5 L;=L,=1
M
6) M=n—1

91:(1)1,
0; = w; —wyq

(,u + %) + (,u + %) cos6, (,u + %) + (,u + 2) coso, [(;)1] _ (# + 3 sind, [(u% - w%] + Tl/mLz

(,u + 2) cos6, u+ % W2 { TZ/mLZ

The above equation can also be expressed as;
1 1 1
Y e R (1+3) = (w3 c0s8a|[P/e] (+5)siney [~ wg]‘
e, 1 4 1 T, ) B Y
- (,u + E) cos6, u+ 3 + (u + Z) cos6, ml2
Where;
7 2 e
Alp) = (% +§,u + <,u + E) sin 92)

Where;
u = m/M = Ratio of the link mass (m) to tip mass (M)
L = Link length
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COMPUTED TORQUE CONTROL STRATEGY

Computed torque in its basic form means linearizing the feedback on as non-linear system. Computed torque
control allows to derive effective robot controllers, while providing a framework to bring together classical
independent joint control and some modern design techniques [5]. In this particular case, using computed torque
control cancels the effects of gravitational, inertial and frictional forces of the robot. These forces are considered
as disturbances and are removed at every joint while Lagrangian method is used to come up with dynamic equation
to compute the rest of the forces [6].

q

les
des 4 E T 90,

Dy q) robot

PD

il

//;((/,q)

Figure 2: Strategy for Computed Torque Control [1]
Input to the computed torque controller is given by;
T1c — B V1 -~ .
[TZC] =D [vz] + h(q,q)
Expatiating above equation yields;
Tiel = [hathe Lz]na . wi — w3 Iy
TZC] - I + I, ]22] [vz] + (m2L2cg + MLZ)Ll Sln(QZ) [ 0)% ] +g [FZ]

qles = [61aes  O2aes) is given as the demand angular position commands to the joint servo motors. Therefore,
substituting it into the above equation yields;

— [ ] + 2w, [Hldes] 20, [91] + Ourz1 [eldes] _ wrz1 91] — [0]
92des 92 szes 92 0
-2
(P I VP AT,
[AT1] - [111 112] [‘Ul] _ [111 + 1, 112] [Vl]
AT, L1 Illw; Lip + 1 Lallve
Where @, = 6, and &, = 6, + 8,. Therefore;
AT1] - ([111 +1h; 112] _ [112 ]) [+ L 112] [Vl]
AT, Ly 1, I L, 01/16, + 6, ity Il lve
AT1] = [111 + 1, 112] 6] _ [Vl]
AT, L+, Ipl\|6, V2
[Vl] _ [61des] + 20, [eldes] _ [9 ] + w, ([Gldes] _ [91])
V2 02des O2des 0, O2des 0,
<[é1d] [%D 91d] 91])
054 wn’ 92d 6

AT1] _ [l t Iz 112 91d
AT, Iy + 1, 122 92 92d

Gldes] _ [91]
Tracklng error = [ ] = Qdes ~ qact = [ezdes 6,

[éldes
szes
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ATy _ [ha + Ly L] ([é é; 2 e1>
ATZ]_[121+122 122] ([éz]”")n [e‘z]“’n [ez]

é é 2[€1] _ [l + 12 112]_1 [ATl]
[éz] 2o [éz]  n [62] Sy + 1y Ipl AT,

[ar] = 7] - ]
(] = 20 [ 2] + w2 [o2] = 0]
DERIVATION OF KINETIC AND POTENTAL ENERGY

Y, is taken to be the height of the center of gravity of first link from the axis of first joint. Y, is the height of the
center of gravity of the second link [7].

Y) = Lyicgsind,
Y, = Lisin; + Lyc4sin(6; + 6;)
For tip;
Y; = Lsin6, + L,sin(6, + 68,)
Vertical velocities are given by;
Y, = —Ly.,0,c0s6,
Yy = —L,0,c050; + Loy (6, + 6,)cos(6, + 6;)
Yr = —L,6,c0s6; + L,(6, + 6;)cos(6, + 6,)
Horizontal position of the center of gravity of the first and second links is given by;
X1 = Lycgcos6,
Xy = L1058, + Lycq cos(8, + 6,)
Xy = Lycos6; + L, cos(6, + 6,)
Horizontal velocities are thus;
Xy = —Lyc40;sin6,
X, = —L10y5in6; — Loy (6, + 6,)sin(6, + 6,)
Xr = —L,6,5in8; — L,(6, + 6,)sin(6, + 6;)
Change/increase of the potential energy of the system is given by;

n
V=g m¥
V= mlg[Llcgsinel] + ng[LlsinQ1 + Lyeg ;‘;11(91 + 92)] + Mg|[L,sin6; + L, sin(6, + 6,)
= g(mlLlcg +m,L, + MLl)sinH1 + g(m,L, + ML,) sin(6, + 6,)
Simplifying gives;

V= grllsinel + grzz Sll’l(91 + 92)
Where;

1—‘11 = mlLlc + m2L1 + ML1

Iy =myLly . + ML,

Following equation is used to derive the translational kinetic energy;

IO o,
Ty=35 ) mt+¥2)
i=1

The kinetic energy of each component is;

1 ) . 1 , . 1 ,
T, = Eml(Xl2 + Y12) + Emz(Xzz + YZZ) + EM(XtZip + Yfzip)
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1 . 1 . . . 1 . . . \2
= SmuLiegOF +5m(L307 + Licy (6, + 6;) + 2 M (1367 + L3 (6, +6,)°)
+ (mszCg + MLZ)Llcosé’2 (91(91 + 92))
The kinetic energy of the rotation of the rod is;
1 . 1 . .
TZ = Emlkfelz + Emzk%(el + 62)
Total kinetic=T =T, + T,

Therefore;
T = 2 (my (g + ) + (my + M)IR)O? + 2 (ma (Lo + K3) + MIZ)(, + 62’
+ (mszCg + MLZ)(Llcose2 (91(91 + 92))
T = 2107 + 5 a0 +02)° + Ly (6,4 65)
Where;

111 = ml(Licg + k%cg) + mzLi + mzLZCgL]_COS(Gz)
I = m2L2ch1C05(92)
I, = mZ(LZZCg + k%cg)

LAGRANGIAN APPROACH

Lagrangian approach is used to derive state-space representation of the system. Lagrangian approach uses the
principle of the difference of kinetic and potential energy [8]. It is given by;

L=K-P (11)
Euler-Lagrange equation is given by;

d oL oL _ -
dt dg; aqi_Qi 12

The equation below is simply formed using equation 1.1.
1 .01 . .. L _ _
L = 5111912 + 5122(91 + 92) + [2191(91 + 92) - grllslnel + grzz Sln(91 + 92)

This will now enable to derive using Euler-Lagrange equation (1.2);

a—.L = 11191 + 112(91 + 92)
9q,
a_'L = ]21é1 + 122(91 + 62)
949,
oL
a—ql =—gl;
oL .. .
a_qz =—gh + (mszcg + MLZ)Llsingz (91(91 + 62))

Where;

F1 = (mlLlcg + m2L1 + MLl) COS(QI) + (mzLZCg + MLz) COS(@l + 92)
1—‘2 = (mszcg + MLz) COS(G]_ + 92)
Therefore the Euler-Lagrange equations of motion can be expressed as:
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Iy 112] é1 Ly Iy 91 0 ] [ ]
.. I . + (m,L + ML, )L;sinf8,(60,(6, + 0 +g
Ly Ipl|6, + 6, Ly I]|6,+86, ( 2b2¢g 2) 1 2( 1( 1 2) [ ]

Differentiating inertia expression with respect to time inertia gives;

0, = wy, 0; = w; — Wy

Ly I 2 ‘U% L) _ [T
Iy 122][ ]+(m2L2CH+ML2)L15‘"92[ w? [+ole]=l7]

Where;
Fl = Fll COS(G]_) + FZZCOS(Gl + 92)

FZ = F22 COS(Gl + 92)

SIMULATION

DELTA-INVERSE SUB-SYSTEM

Figure 3 shows Delta-Inverse Sub-System. The torque input to the robotic manipulator is the torque that it fed into
the Delta-Inverse Sub-System i.e. T1 and T2. The output of this sub-system is the angular velocities of link 1 and
2 [9].

C1 ) | X
2] - +—j P mu+(1/3)
0
Divide b Qutt
q
g —
Product
Gain2 Product1
2 ) —"JX 5
T2 A Bl L +(4/3) »(+_ 3 )
Divide1 Out2
Gain1
Product2

D

-osfcntheta

Constant1

Product4

Constant2

Figure 3: Delta-Inverse Sub-System
NON-DIMENSONAL TORQUE CONTROLLER

Motor control torque inputs is given by;

Tl] _ Tlc] _ [111 +h, I

V1 . w? — a)%]
- - L ML,)L
TZ TZC 121 + 122 122] [VZ] + (mz 2cg + 2) 1Sn 92 [ wz

1
Ly =my (L3 + kicy) + (my + ML + (myLycy + MLy)L,y cos(6,)
L = G+£) + 1+p+ G+u)cos€2 =§+u+ G+y)cos€2
Ly =my (L3, + k3c) + ML3 + (myLyey + ML,)Ly cos(6,)
L, = G+1i) +,u+( +u)cos€2 =§+u+(§+u)cos€2
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Iy = (myLyey + MLy )Ly cos(65)
L, = G + ,u) cos6,
Ly = my(L3ey + k3cy) + ML3
= (1) =1
Torque equations from which main Simulink diagram was constructed is given by;

1
Ty = (Iy1 + Iipvy + 150y + (E + .U) sin(6,) [w] — w3]

1
Ty = (I1 + I)vy + v, + (E + .U) sinb,[w?]
91 = W & w% = é%, 92 = Wy —wp & _92(92 +291)

1

5 1 1 1 - .
T, = [§ +2u+2 (E + ,u) 60592] v, + [§ +u+ (E + ,u) cosez] v, + [(E + ,u) sin92(—92[92 + 291])]

1 1 1 1 o
=[5t (5o u)eostafvn () va + (G + ) stmon(é)]

1 1 1
. u+= —(,u+—)—<,u+—)c0592
wy| _ 3 3 2 mL2 wf - wz
261 = 1 4 1 (“ +3)sine. [ ]
- (u + E) cos0, u+ 3 + (/4 + E) cos0, mL2

C
vl
|‘11'V11

—hlyTl |4I-HE T

112042}

8
N

w2

173 ‘

Constant2 1224l +2)
=4t =t | |
D, N
mu
o} Fa
Constant t o Ei
o in I {mu+0. Bjoos
=
Trigonometr ic
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5 F * Desl > x
2 -]_l . * 121%v1
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i |} _ ]
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L
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Figure 4: Non-Dimensional Torque Sub-System

The value for gravity g was set to zero and not included in the model as the gravity torques were assumed to be
small.
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AUXILIARY CONTROL SUB-SYSTEM

Auxiliary control sub-system’s equation is given by;

] eldes 91des _ 91 + 2 ([gldes] _ [01])
. . Wy
92des 92des 92 92d€5 92
Simulink model constructed from this equation is shown in figure 5. The input to the sub system is the desired
angular acceleration, desired and actual feedback velocity, and the desired and actual feedback angular rotation

[10]. The output of this subsystem is the error-compensated control acceleration and desired equation of motion
for both links. The input and output of both links are the same [11].

thetad1

dthets1 Product

=
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@_ »
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d2theta

Gaint Froduc Frodusg > du.-'dtll
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-]
!

ProductS

7
g2
a
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Figure 5: Auxiliary Control Sub-System

DEMAND SUB-SYSTEM

Equation for demand sub-system is;

t .
Qd(t) = GdO ( 1-— exp <— ;)),Ted + Gd = Gdo

Figure 6 shows the Simulink diagram constructed using the above equation;
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Figure 6: Demand Sub-System
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Figure 15: Complete System
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RESULTS

Figure 7: Initial Theta 1

Figure 8: Initial Theta 2

Figure 9: T1
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Figure 10: T1 8 steps

Figure 11: T1 Case2

Figure 12: T2
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Figure 13: T2 8 Steps

Figure 14: T2 Case 2

DISCUSSION

The two link planar anthropomorphic manipulator is modelled in Simulink using the initial conditions already
given in the handout. Two links in the robotic arm is rotated in space about their respective joints when a torque is
applied to them [12]. In order to measure the position of the link in space at every step, feedback is required to
achieve the desired position. This feedback helps achieve the desired position by comparing the actual output with
the desired value [13].

A simple system was first constructed with only the delta inverse subsystem included. The inputs were changed to
a step function at T1 and ground function at T2. This is shown in figure 7 and figure 8. u was taken to be 0.5. It
can be sees that the signal for 6, is increasing whereas on the other hand the signal for 6, it is fluctuating [14].

Other control systems were added i.e. demand subsystem, auxiliary controls and the non-dimensional torque
computer. Similarly, the tip mass of the system was altered in order to simulate the amount of torque acting on the
inner and outer links. Reducing the tip load mass significantly reduced the torques acting on the link arms [15].
This is evident from the torque graphs for both methods of analysis that as the mass tip/link mass ratio increases,
the torque input needed to reach the desired rotational position also increases. This may be due to a large moment
of inertia caused by the increase in the mass of the tip [16].

Various parameters of the robotic arm is measured from the scopes that are attached to the sub-systems discussed
earlier. A high torque is initially applied by the torque controller. It can also be thought of as a step response, where
high input is given to achieve a desired position. A sharp decline in torque is seen that goes negative (below zero)
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which is followed by a sharp rise until the system is stable back again [17]. This phenomena explains that velocity
is increased initially as torque is applied but then as the torque is reduced, velocity reduces and becomes stable.

Concept of exponential decay has been established earlier in the report. Exponential decay acts as damping to the
system. This is proved from quick stabilization of the system. It can be concluded here that the system has been
successful in controlling the robotic manipulator. It is evident that the values obtained for the natural frequency
governed the time taken for the link to reach its desired angle [18].

It is also evident that as the step size is increased, the accuracy of the results improve. This is because the model is
solved at regular or more frequent intervals. However, increasing step size also increases the time computer takes
to the run the simulation. Undershoot in many graphs is the proof that the system has errors. The manipulator is
unable to handle the torque properly and thus many fluctuations are observed. The degrees of freedom of this
manipulator limits the range of motion the arm can undergo. Moreover, increasing the tip mass will require more
energy to be given to the system which might result in greater fluctuations [19]. In the Computed Torque Control
Strategy section, it was discussed that gravitational, frictional and inertial forces are neglected. Since these forces
are not included in the results, the actual torque required may be greater than it was required without considering
disturbances [20].

CONCLUSIONS

Overall, it can be seen that the loops created were successful as the results gathered from it are smooth. The results
show that different values of torque were achieved when the motion of inner and outer arm was changed. As
expected, it was found that the torque increased with an increase in load at the tip mass. Also, increasing the step
size to 8 ensured that lower torque forces were generated within the robot. However, this increased the overall
completion time to the desired positions significantly.
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